With a minimal set of three Euler angles, the attitude motion of a spacecraft is exactly described as a nonlinear, multiple input/multiple output, and cross-coupled system. In this work, the attitude motion equations are viewed as two blocks, a kinematics block and a dynamics block. Based on Lyapunov stability theory and backstepping technique, a new controller is derived from the nonlinear equations. The approach is then extended to a nonlinear attitude tracking case. Moreover, in practical attitude control, usually the moments of inertia are uncertain in value, but always positive. For this case, an adaptive nonlinear controller is developed. The effectiveness of the presented controllers is verified by simulation.
Introduction
In terms of a minimal set of three Euler angles, a set of nonlinear, multiple input/multiple output (MIMO), and cross-coupled equations gives an exact description of the attitude motion of a spacecraft. In conventional designs, the MIMO system is usually decoupled into pitch, yaw and roll subsystems, and linearized for small changes about a given operating point or in the vicinity of a trajectory under some assumptions and approximations. Some linear controllers, such as PD controller, are then applied to the simplified subsystems. Nevertheless, such designs are not systematic and the global performance of the whole nonlinear system cannot be previewed in the design process.
In recent years, many authors have focused on nonlinear attitude control. Dwyer 1, 2) presented an approach based on a minimal set of three Euler angles wherein a nonlinear transformation maps the complete equations of motion into a locally valid linear model. To address the problem of singular orientations while using Euler angles, the Modified Rodrigues Parameters (MRPs) were applied to attitude expression. 3, 4) There have been several reports in which MRPs are used as rotational kinematic variables. 5, 6) The common feature in these articles is that the control law is based on a stability analysis by using the second method of Lyapunov.
Instead of finding a feedback control law first and then analyzing the closed dynamics stability, it is possible to start with a desired set of stable closed loop dynamics and then extract the corresponding nonlinear control law using a feedback linearization approach. Paielli 7) presented such a nonlinear attitude control law derived in terms of Euler angles. Further, Schaub 8) extended the above attitude controller design method by use of MRPs so that no singular orientations occur. Schaub also extended the attitude control problem to an adaptive case with inertia uncertainties. The methods of Paille and Schaub can be summarized into the inverse dynamics approach.
Recently, a recursive control system design methodology called backstepping 9) has attracted the interest of control circles. With this methodology, the construction of both feedback control laws and associated Lyapunov functions is systematic. Strong properties of global or regional stability and tracking are built into the nonlinear system in a number of steps, which is never higher than the system order. Fukao et al. 10) presented three control laws, a PD-type control law, a model-dependent control law, and an adaptive control law, by using the backstepping technique in the framework of quaternion attitude representation. In many practical applications, such as attitude control of satellites and space interceptors, where the magnitude of the pitch angle is much less than 90 , the Euler-angles representation is still effective, because of its conciseness and clear physical meaning. Using the Euler angles equations, we systematically designed some nonlinear attitude controllers and proved the global stability of the nonlinear system by backstepping.
Formulation of Spacecraft Attitude Motion
This section briefly reviews the Euler angles mathematical description of the attitude motion of a spacecraft.
Angular motion
The angular accelerations of a vehicle can be determined by applying Newton's second law to the rate of change of angular momentum of the rigid spacecraft. Consider a solid rectangular body with three planes of symmetry, so that all cross-products of inertia are zero. The moment equations of the spacecraft can be written as:
where J x , J y , J z are the moments of inertia of the spacecraft referenced to its bodyframe axes; ! x , ! y , ! z are the components of the angular velocity referenced to the bodyframe axes; T x , T y , T z are the components of the external torque referenced to the bodyframe axes, which are generated by any reaction-control thrusters. These equations are symmetrical and are inherently coupled because angular rates about any two axes produce acceleration about the third. This inertia coupling also leads to nonlinearity of each equation.
Three-variable attitude propagation
By expressing Euler angle rates as functions of Euler angles and the body-axes angular rates, we obtain a set of state equations:
where #, , are the pitch angle, yaw angle, and roll angle of the spacecraft, respectively. State Eqs. (4) through (6) have the advantages of using physically meaningful variables and of being minimal. It is well known that every three-parameter attitude representation has the problem of singularities. However, in attitude stabilization, the equilibrium point of pitch angle # is zero, so we need not worry about the singularity. In many practical attitude tracking problems the pitch operating point is not quite near AE90 , and so this description is still valid. It is obvious that Eqs. (4) through (6) are linear in terms of ! x , ! y , ! z , but nonlinear in terms of the Euler angles.
Attitude tracking
In numerous practical attitude control applications, a spacecraft needs to rest at some expected pose for some specific mission. Assuming the pitch, yaw, and roll commands are # c , c , and c , respectively, we define the tracking errors as e # ¼ # À # c , e ¼ À c , and e ¼ À c . Substituting them into Eqs. (4) through (6) gives the following attitude error equations:
3. Design of Attitude Controllers
Nonlinear attitude stabilization controller
Assume J x , J y , J z are known moments of inertia. Writing the attitude stabilization kinematics equations and dynamics equations together, we obtain the whole attitude stabilization system:
where the first three kinematics equations can be regarded as the first subsystem, while the last three dynamics equations can be regarded as the second subsystem. By defining the state vector of the first subsystem as
T , and the control vector as u ¼ ½T x T y T z T , the first subsystem can be rewritten as the following vector differential equation:
where
The second subsystem can be rewritten as 
Consequently, the whole system has the following form
Within rotational dynamics, it is known that the matrix ' 1 ðx 1 Þ can be inverted to:
Thus, we set up two new coordinates by letting
and P 1 is a symmetric positive-definite constant matrix. After mathematical manipulation, under the new coordinates, the system (13) is of the form
For system (17), a Lyapunov function is constructed as
Differentiating V along the solution of system (17) gives
Letting the control vector be
where P 2 is a symmetric positive-definite constant matrix, yields
, meaning z 1 and z 2 will asymptotically approach zero. From the definitions of z 1 and z 2 , x 1 approaches zero asymptotically and so does x 2 , because ðx 1 Þ ¼ À'
Substituting the definitions of z 1 and z 2 into Eq. (20), we find the final analytic expression of the control law
In the above equation, the weighting matrices P 1 and P 2 are usable for adjusting the system's performance; P 1 mainly adjusts the system response speed like proportional gain in linear control; P 2 functions like the differential gain in linear control, which determines the transient properties, especially overshoot.
Nonlinear attitude tracking controller
Writing the attitude tracking kinematics and dynamics equations together, we obtain the whole attitude tracking system
Assuming J x , J y , J z are known parameters and defining some vectors as
the whole system can be then rewritten into block form as
Similarly, by choosing two new coordinates
1 ðx 1 ; x c Þ c ; after manipulation, the attitude tracking system (23) is mapped to the new coordinates
Constructing the following Lyapunov function for system (24)
and differentiating it along the solution of system (24) leads to
and z 2 will asymptotically approach zero (the tracking errors will approach zero); the angular velocity vector x 2 will tend to ' 
It is apparent that if the command vector is set to be x c ½0 0 0 T , the above attitude tracking controller degrades into the nonlinear attitude stabilization controller.
Adaptive nonlinear attitude tracking controller
The above controller design assumed that the moments of inertia J x , J y , J z are known system parameters, such that and J are known vector and matrix. However, in some practical applications, J x , J y , J z are uncertain, such that and J contain unknown parameters. In the following adaptive nonlinear controller design, J x , J y , J z are unknown but positive.
Rewriting the second equation in system (24) gives
By defining a new vector
Equation (27) is rewritten as
where ¼ diag½ 1 2 3 . By defining
Equation (28) is rewritten as
Combining the first equation in system (24) with Eq. (29) gives
For the above system, we construct its Lyapunov function as
where Q is a positive-definite constant matrix,
¼ À ð32Þ
where represents the estimate of . With Eq. (32), differentiating Eq. (31) along the solution of Eq. (30) gives
By designing an adaptive control law as
substituting Eqs. (34) and (35) 
and z 2 will asymptotically approach zero, and the estimate error will be bounded. Therefore, the tracking errors will approach zero, and the angular velocity will tend to ' À1 1 ðx 1 ; x c Þ c , which is bounded if and only if c is bounded.
Simulation Results
In the simulations, the real values of the moments of inertia are
For the nonlinear or adaptive nonlinear controller, we choose the weighting matrices as P 1 ¼ 8I 3 , where I 3 represents a 3 Â 3 identity matrix, and P 2 ¼ The purpose of attitude stabilization is to bring a spacecraft with an initial nonzero attitude to zero and then to keep it resting at the zero attitude.
Suppose that the initial attitude angles of the spacecraft are #ð0Þ ¼ 45 , ð0Þ ¼ À45 , ð0Þ ¼ 45 , and the initial angular rates are ! x ð0Þ ¼ 0 /s, ! y ð0Þ ¼ 0 /s, ! z ð0Þ ¼ 0 /s. Then for comparison, the conventional PD controller is also applied to the attitude control simulation, which is given by
The parameters of this PD controller can be properly adjusted by investigating simulation results. Herein, they are appropriately set to be k px ¼ 15,
and J x , J y , J z are apriori estimated aŝ J J x ¼ 0:3 n.m.s 2 andĴ J y ¼Ĵ J z ¼ 1:5 n.m.s 2 . The resulting simulations for attitude stabilization using the above PD controller, the nonlinear controller, and the adaptive nonlinear controller are shown in Figs. 1-3 , respectively. Although the PD controller achieves a good result (Fig. 1) , the nonlinear and adaptive nonlinear control-lers offer a shorter transient time (Figs. 2 and 3) . The transient time with the adaptive nonlinear controller is a little longer than that under the nonlinear controller, because the adaptation law causes additional transience.
Attitude tracking
In attitude tracking, suppose that the spacecraft executes a sinusoidal attitude maneuver, i.e. let # c ¼ 45
The initial attitude angles of the spacecraft are set to be #ð0Þ ¼ 0 , ð0Þ ¼ 0 , ð0Þ ¼ 0 , and the initial angular rates are set to be ! x ð0Þ ¼ 0 /s, (36) is modified a little into the following form to fulfill the attitude tracking mission
Its parameters are the same as before. The resulting simulation for this sinusoidal attitude maneuver under the PD controller, the nonlinear controller, and the adaptive nonlinear controller are shown in Figs. 4-6, respectively. Using the PD controller, the tracking performance is poor (Fig. 4) . Although increasing the proportional coefficients improves the tracking performance to some degree, it noticeably degrades the transient performance of the attitude stabilization control. Consequently, it is impossible to obtain desirable results in both the attitude stabilization and attitude tracking with the same PD coefficients. Using the nonlinear controller, the tracking performance is greatly improved (Fig. 5) . However, small tracking errors are visible, especially at the peak values. Using the adaptive nonlinear controller, a more satisfactory result is achieved (Fig. 6 ). There is almost no tracking error anywhere. Therefore, the adaptive controller outperforms the nonlinear controller when tracking a fast time-varying command, if the moments of inertia are not known exactly.
Conclusions
Based on Lyapunov stability theory and the backstepping technique, a nonlinear controller design method and its adaptive version based on the Euler angles attitude description are presented. The stability of the control system is proved and the system performance can be adjusted by prop- 
